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Abstract
We define and study a holographic dual to the topological twist ofN = 4 gauge theories
on Riemannian three-manifolds. The gravity duals are solutions to four-dimensional
N = 4 gauged supergravity, where the three-manifold arises as a conformal boundary.
Following our previous work, we show that the renormalized gravitational free energy of
such solutions is independent of the boundary three-metric, as required for a topological
theory. We then go further, analyzing the geometry of supersymmetric bulk solutions.
Remarkably, we are able to show that the gravitational free energy of any smooth
four-manifold filling of any three-manifold is always zero. Aided by this analysis, we
prove a similar result for topological AdS5/CFT4. We comment on the implications of
these results for the large N limits of topologically twisted gauge theories in three and
four dimensions, including the ABJM theory and N = 4 SU(N) super-Yang–Mills,
respectively.
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1 Introduction and outline
The AdS/CFT correspondence conjectures an equivalence between certain quantum
field theories (QFTs) and quantum gravity with appropriate boundary conditions [1–
3]. In [4] we proposed to formulate a “topological” version of AdS/CFT, where the
boundary theory is a topological QFT (TQFT). In the dual gravity description this
amounts to studying a more specific class of boundary conditions, which induce a
1
Witten-type topological twist [5] of the dual QFT on the conformal boundary. Such
TQFTs typically have a finite number of degrees of freedom, and in some instances
can be solved completely.1 Of course these theories are often also of independent
mathematical interest, since observables are topological/diffeomorphism invariants.
A key motivation for studying AdS/CFT in this set up is that the field theory is
potentially under complete control: observables are mathematically well-defined and
exactly computable. One can then focus on the dual gravitational description. In
principle this is defined by a quantum gravity path integral, with boundary conditions
determined by the observable one is computing. However, we have no precise definition
of this, and in practice an appropriate strong coupling (usually large rank N) limit of
the QFT is described by supergravity. This classical limit is to be understood as a
saddle point approximation to the quantum gravity path integral, where one instead
finds classical solutions to supergravity with the appropriate boundary conditions. But
in general even this is quite poorly understood: which saddle point solutions should
be included? For example, in addition to smooth real solutions, should one allow
for certain types of singular and/or complex solutions, e.g. as in [7–9]? When the
dual theory is a TQFT in principle all observables are exactly computable in field
theory, for many classes of theories defined on different conformal boundary manifolds.
The AdS/CFT correspondence can then potentially help to clarify the answers to
some of these questions, since the semi-classical gravity result must match the TQFT
description.
Of course, one is tempted to push this line of argument further and speculate that
this is a promising setting in which to try to formulate a topological form of quantum
gravity on the AdS side of the correspondence. Such a theory should be completely
equivalent to the dual TQFT description. At present this looks challenging, to say
the least, but there is an analogous construction in topological string theory. Here
U(N) Chern–Simons gauge theory (a Schwarz-type TQFT) on a three-manifold M3
is equivalent to open topological strings on T ∗M3 [10]. There is a large N duality
relating this to a dual closed topological string description. For example, for M3 = S
3
the closed strings propagate on the resolved conifold background, with N units of flux
through the S2 [11]. Here both sides are under computational control, and relate a
TQFT to a topological sector of quantum gravity (string theory). This duality shares
1For example, the Donaldson–Witten twist of N = 4 SU(N) super-Yang–Mills is relevant for the
set up in [4]. For N = 2 the topological correlation functions have been computed explicitly for
simply-connected spin four-manifolds of simple type in [6]; they may be written in terms of Abelian
Seiberg–Witten invariants.
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many features with AdS/CFT,2 and might hint at how to attack the above problem.
In [4] we began much more modestly, setting up the basic problem in N = 4 gauged
supergravity in five dimensions. With appropriate boundary conditions this defines
the Donaldson–Witten topological twist of the dual N = 2 theory on the conformal
boundary four-manifold, and we focused on the simplest observable, namely the par-
tition function. Under AdS/CFT in the supergravity limit, minus the logarithm of
the partition function is identified with the holographically renormalized supergrav-
ity action. We refer to this as the gravitational free energy in this paper, and the
main result of [4] was to show that this is indeed a topological invariant, i.e. it is in-
variant under arbitrary deformations of the boundary four-metric. The computation,
although in principle straightforward, was technically surprisingly involved. Since four-
manifolds are also notoriously difficult, in this paper we set up an analogous problem
in one dimension lower. The relevant bulk supergravity theory is a Euclidean version
of N = 4 SO(4) gauged supergravity in four dimensions. As well as the metric, the
bosonic content of the theory contains two scalar fields and two SU(2) gauge fields.
Here Spin(4) = SU(2)+×SU(2)− is the spin double cover of SO(4), and the fermions
transform in the fundamental 4 representation of this R-symmetry group. The topo-
logical twist in particular identifies the boundary value of one of these two SU(2)
R-symmetry gauge fields with the spin connection of the conformal boundary three-
manifold (M3, g). There is then a consistent truncation in which the other SU(2) gauge
field is identically zero in the bulk. Such Witten-type twists of N = 4 gauge theories in
three dimensions have been studied in [12]. In the first part of the paper we establish
an analogous result to that in [4], namely that the gravitational free energy of such
solutions is indeed invariant under arbitrary deformations of the boundary three-metric
on (M3, g).
We next analyse in more detail the geometry of supersymmetric solutions to the
four-dimensional bulk supergravity theory. This geometry is characterized by what we
call a twisted identity structure. In an open set where the bulk spinor is non-chiral
and the SU(2) R-symmetry gauge bundle is trivialized, the spinor defines a canonical
orthonormal frame {Ea}a=1,...,4. However, {EI}I=1,2,3 rotate as the vector 3 under the
SU(2) gauge group, while E4 is invariant, so that globally this frame is twisted by the
R-symmetry bundle. We show that a supersymmetric solution to the bulk supergravity
equations equivalently satisfies a certain first order differential system for this twisted
2This was emphasized by C. Vafa in his recent talk at the Princeton Workshop 20 Years Later:
The Many Faces of AdS/CFT.
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identity structure. Using these equations, remarkably we are able to show that the bulk
on-shell action is always a total derivative. By carefully analysing the global structure
of the canonical twisted frame, and how this behaves where the bulk spinor becomes
chiral or zero, this is shown to be globally a total derivative for any smooth solution.
This is true on any four-manifold Y4 that fills any three-manifold boundary M3 = ∂Y4.
Moreover, on applying Stokes’ theorem the bulk integral then always precisely cancels
the boundary terms (including the holographic counterterms) in the action, with the
net result being that the gravitational free energy of any smooth solution is zero! Aided
by this analysis, we return to the topological AdS5/CFT4 set up of [4], and prove a
precisely analogous result. Of course, here not every four-manifold bounds a smooth
five-manifold.
At first sight these results are somewhat disappointing: the classical free energy is
zero for smooth fillings, irrespective of their topology. Zero is a topological invariant,
and not a very interesting one. However, if one believes that smooth real saddle points
are the dominant saddle points in gravity, this is then a robust prediction for the large
N limits of various classes of topologically twisted SCFTs, in both three and four
dimensions. For example, since N = 4 gauged supergravity in four dimensions [13]
is a consistent truncation of eleven-dimensional supergravity on S7 (or S7/Zk) [14],
as we discuss later in the paper this leads to a prediction for the large N limit of the
partition function of the topologically twisted ABJM theory, on any three-manifoldM3.
On the other hand, with the exception of the SU(N) Vafa–Witten partition function
on M4 = K3 discussed in section 8, to date none of these large N limits have been
computed in field theory: such computations now become very pressing! It might be
that these match our supergravity results for smooth solutions, but if not then one
necessarily has to consider more general saddle points, allowing e.g. for appropriate
singularities and/or complex saddle points. Notice that although our computation of
the classical gravitational free energy will in general break down for such solutions, the
result that this quantity is independent of boundary metric deformations is a priori a
more general result. We have also so far only focused on the partition function, while
in principle one should also be able to compute topological correlation functions using
similar holographic methods. We leave a fuller discussion of some of these issues to
section 8.
The outline of the paper is as follows. First, in section 2 we review the topologi-
cal twists of three-dimensional supersymmetric field theories, as they are perhaps less
well known than their four-dimensional relatives, and discuss the gravity dual to the
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ABJM theory. In section 3 we introduce the relevant four-dimensional N = 4 Eu-
clidean gauged supergravity. Surprisingly the supersymmetry transformations of this
theory, as formulated in [14], do not appear in the literature, and we hence first fill
this gap. After holographically renormalizing the action, in section 4 we identify the
conformal boundary Killing spinor equations which admit a topological twist as a par-
ticular solution on any oriented Riemannian three-manifold (M3, g). The bulk spinor
equations are then expanded in a Fefferman–Graham-like expansion. In section 5 we
prove that the gravitational free energy is independent of the metric g onM3, following
a similar computation in [4]. In section 6 we show that a supersymmetric solution to
the bulk equations of motion equivalently satisfies a first order differential system of
equations for the twisted identity structure described above. Using this we prove that
the gravitational free energy of any smooth real solution is zero. In section 7 we return
to the AdS5/CFT4 correspondence in [4], and prove an analogous result. We conclude
in section 8 with a more detailed discussion of some of the issues mentioned above.
2 3d TQFTS and topological twists
We begin in section 2.1 by reviewing topological twists of three-dimensional supersym-
metric QFTs. In section 2.2 we focus on the ABJM theory, its gravity dual, and the
consistent truncation of eleven-dimensional supergravity on S7/Zk to four-dimensional
N = 4 gauged supergravity.
2.1 Twisting N = 4 theories
One perspective on the topological twist is that it involves a modification of the global
symmetry group of the theory, obtained by combining the spacetime symmetries with
the R-symmetry of the theory. Concretely, one looks for group products such that a
supercharge would transform as a singlet under an appropriate diagonal subgroup. In
three dimensions every orientable manifold is spin.3 Therefore, the frame bundle of
any orientable three-manifold may be lifted to a Spin(3) ∼= SU(2)E , which constitutes
the (Euclidean) spacetime symmetry.
On the other hand, the R-symmetry group of a three-dimensional field theory with
3This follows from the fact that in three dimensions the second Stiefel–Whitney class is the square
of the first Stiefel–Whitney class, w2 = w
2
1
. Since a manifold is orientable if and only if w1 = 0, we
see that an orientable three-manifold is automatically spin.
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N supersymmetries is Spin(N )R. The minimal amount of supersymmetry required for
a twist on a three-manifold with generic holonomy is N = 4: in the N = 3 case the
supercharges transform as (2, 3) under SU(2)E × Spin(3)R, and in the tensor product
there is no singlet 2 ⊗ 3 = 2 ⊕ 4. The R-symmetry group of N = 4 theories is
Spin(4)R = SU(2)+×SU(2)−, and the supercharges transform as doublets under each
of the two factors. The N = 4 multiplets are vector multiplets and hypermultiplets.
The vector multiplet contains the gauge connection A , a gaugino λ and three real
scalars ~φ = (φ1, φ2, φ3), respectively transforming under SU(2)E × SU(2)+ × SU(2)−
as (3, 1, 1), (2, 2, 2) and (1, 3, 1). The hypermultiplet contains two complex scalars
q and two spinors ψ, each forming R-symmetry doublets, that is, transforming as
(1, 1, 2) and (2, 2, 1). There is an outer automorphism of the superalgebra exchanging
SU(2)+ and SU(2)−. Under this automorphism, a vector multiplet is taken to a twisted
vector multiplet, whose scalars transform as (1, 1, 3), and a hypermultiplet is taken to
a twisted hypermultiplet, whose scalars and spinors form doublets, respectively, of
SU(2)+ and SU(2)−. The field components of the twisted multiplets will be denoted
by a tilde.
One may twist using either SU(2)+ or SU(2)−, obtaining generically inequivalent
TQFTs. The inequivalence of the two twists is not immediate from the supercharges:
they transform as (2, 2, 2) under SU(2)E × SU(2)+ × SU(2)−, so taking diagonal
combinations of SU(2)E with either factors of the R-symmetry group leads to (1, 2)⊕
(3, 2). Nevertheless, the twisted fields transform differently in the two twists, as can
be seen from the scalars. For instance, consider the scalars in a hypermultiplet q: after
the two twists, they would transform as (1, 2) under (SU(2)E×SU(2)+)diag×SU(2)−,
or (2, 1) under (SU(2)E × SU(2)−)diag × SU(2)+. On the other hand, because of the
exchange of SU(2)+ and SU(2)−, the scalars in the twisted hypermultiplet transform in
the opposite way. The same goes for vector multiplets and twisted vector multiplets:
the scalars in a vector multiplet form a triplet under SU(2)+ and a singlet under
SU(2)−, so they distinguish between the two twists, but the opposite is true of the
scalars in the twisted vector multiplet.
In a three-dimensional N = 4 super-Yang–Mills (SYM) theory, with a vector multi-
plet, the two twists are inequivalent. The first twist may also be recovered by dimen-
sionally reducing the four-dimensional N = 2 Donaldson–Witten twist. The resulting
model is sometimes referred to as super-BF or super-IG model, and the partition func-
tion reproduces the Casson invariant of the background three-manifold [15–17]; and
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conjecturally, via renormalization group flow, the Rozansky–Witten invariants [18,19].4
The second twist, instead, is intrisically three-dimensional (it is not known to arise
from the reduction of any four-dimensional theory) and supposedly provides a mirror-
symmetric description of the Casson invariant [12]. There exists a third topologically
twisted three-dimensional SYM theory with two twisted scalar supercharges, which
may be obtained by a partial twist of three-dimensional N = 8 SYM, or via dimen-
sional reduction of the half-twist of four-dimensional N = 4 SYM. It is closely related
to the Casson model, but differs from it by the matter content [20].
In three dimensions it is also possible to couple Chern–Simons theory to free hyper-
multiplets to obtainN = 4 supersymmetries [21], and twist the resulting theory [22,23].
As in the previous case, if there are only untwisted or twisted hypermultiplets in the
theory the two twists are inequivalent, and usually referred to as an A-twist and B-
twist, respectively. However, in a theory with both hypers and twisted hypers, the
difference between the two twists amounts to the exchange between the untwisted and
twisted matter. Therefore, one may consider a twist by a single factor in Spin(4)R and
exchange the “quality” of the hypermultiplets, obtaining theories, sometimes called AB-
models, which have both types of hypermultiplets. For concreteness, after the twist,
an AB-model contains matter transforming under (SU(2)E ×SU(2)+)diag×SU(2)− as
q : (1, 1, 2) 7−→ (1, 2) ,
ψ : (2, 2, 1) 7−→ (1, 1)⊕ (3, 1) ,
q˜ : (1, 2, 1) 7−→ (2, 1) ,
ψ˜ : (2, 1, 2) 7−→ (2, 2) .
(2.1)
Therefore, the bosonic fields are two scalars and a spinor, whilst the fermionic fields
are a scalar, a one-form and two spinors. Chern–Simons-matter theories with N > 4
contain an equal number of untwisted and twisted hypermultiplets, so the symmetry
between the A and B twist is automatically implemented.
In this paper we will be particularly interested in topological twists of the ABJM
theory [24] (see [25] for twists of the BLG [26–29] models).5 Classically this theory has
N = 6 supersymmetry, so let us consider topological twists of N = 6 Chern–Simons-
4More precisely, the Casson invariant arises when the gauge group G ∼= SU(2), for three-manifolds
M3 with the same homology groups as S
3. It was originally defined in terms of the combinatorics
of SU(2)-representations of pi1(M3). However, the Casson invariant naturally generalizes to the Le-
scop invariant, which is defined on any oriented three-manifold. Moreover, the TQFT Casson model
suggests an extension of this invariant to any gauge group G .
5The BLG models are Chern–Simons-matter theories with manifest N = 8 supersymmetry and
concretely describe two M2-branes. On the other hand, ABJM theories, in the UV, are N = 6
7
matter theories. Here the R-symmetry group is Spin(6)R ∼= SU(4), and there are two
decompositions
(i) SU(4) −→ SU(2)× SU(2) ,
(ii) SU(4) −→ SU(2)× SU(2)× U(1) . (2.2)
In the first case we are viewing SU(4) ∼= Spin(6) as a double cover of SO(6) 7−→
SO(3)×SO(3), the latter being the two diagonal 3×3 blocks. In the second case instead
the two copies of SU(2) are the two diagonal 2 × 2 blocks in SU(4). Alternatively,
projecting to SO(6) the second decomposition is simply SO(6) 7−→ SO(4) × SO(2),
with the obvious 4 + 2 block decomposition, where SU(2) × SU(2) ∼= Spin(4) is the
double cover of SO(4), and U(1) ∼= SO(2). The supercharges transform in the 6 of
SU(4), which decompose under the above as
(i) 6 −→ (1, 3)⊕ (3, 1) ,
(ii) 6 −→ (2, 2)0 ⊕ (1, 1)+2 ⊕ (1, 1)−2 .
(2.3)
In the first case it is clear that a twist with SU(2)E does not lead to any scalar
supercharge, while for the second twist one reduces to the AB-model [23].
It is not completely clear what the observables of the topologically twisted Chern–
Simons-matter theories compute. In [23] it was argued that the A-model is related via
the novel Higgs mechanism [34] to the super-BF theory obtained by twisting N = 4
SYM, and thus computes the Casson invariant of the background three-manifold. Sim-
ilarly, the mathematical content of the observables of the topological models of [22] is
also currently unclear.
The group-theoretic point of view on the topological twist considered above is not
the only possible viewpoint. One may also describe the topological twist in the context
of background rigid supersymmetry. For instance, in four dimensions the conditions for
the background geometry to support a supersymmetric field theory have been studied
by coupling to a non-dynamical supergravity [35], and via holography [36]. In the first
case it has been shown that the topological twist arises as a particular case where the
SU(2) connection corresponding to the gauged R-symmetry cancels part of the spin
connection in the Killing spinor equation, thus allowing a scalar supercharge [37,38]. In
the second case it has been shown that the geometric structure of the bulk supergravity
solutions reduces at the boundary to a quaternionic Ka¨hler structure, which appears
U(N)k × U(N)−k Chern–Simons-matter theories describing N M2-branes for any N . For k = 1, 2,
the supersymmetry is enhanced to N = 8. For certain values of N, k there exist equivalences between
the BLG, ABJM and ABJ models [30–33].
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on any orientable Riemannian four-manifold [4]. Three-dimensional field theories with
N = 2 have been extensively studied in the context of rigid supersymmetry, both from
holography [36,39] and by coupling to supergravity [40]. However, the same cannot be
said for N = 4 theories. As already mentioned, we will find very concretely that the
topological twist corresponds to identifying the boundary value of one SU(2) factor
of the gauged R-symmetry with the spin connection. This allows us to construct
a solution to the Killing spinor equation obtained from three-dimensional N = 4
conformal supergravity, in analogy with the standard approach.
2.2 The ABJM theory and its supergravity dual
The AdS/CFT correspondence has been especially influential in the context of three-
dimensional field theories. In particular the AdS4×S7 near-horizon geometry describing
a stack of N M2-branes provided strong evidence for the existence of a strongly-coupled
maximally supersymmetric conformal field theory with N3/2 degrees of freedom. After
initial work by Bagger–Lambert–Gustavsson [26–29], the worldvolume theory of N
M2-branes probing C4/Zk was eventually found ten years ago by Aharony–Bergman–
Jafferis–Maldacena [24].
The ABJM theory in flat spacetime R1,2 is conjectured to be holographically dual
to M-theory on AdS4 × S7/Zk. In order to study the gravity dual of the field theory
defined on different manifolds M3 in the large N limit, one may consider a consistent
truncation of eleven-dimensional supergravity on S7, or S7/Zk, to an effective four-
dimensional bulk supergravity theory. Such a consistent truncation has been found
in [14], where it is shown that any solution to the four-dimensional N = 4 supergravity
theory of Das–Fischler–Rocˇek [13] uplifts to an eleven-dimensional solution. In par-
ticular this supergravity theory has a Spin(4) ∼= SU(2)× SU(2) gauged R-symmetry,
where the massless gauge fields arise, as usual in Kaluza–Klein reduction, from a cor-
responding isometry of the internal space. Specifically, the uplifting/reduction ansatz
in [14] identifies the SU(2) × SU(2) isometry as acting in the 2 of each factor in
C
4 ≡ C2 × C2, where the internal space S7 is the unit sphere in C4. This description
makes it clear that one may also replace the internal space by S7/Zk, where the Zk
acts on the coordinates of C4 via the diagonal action zi 7→ e2πi/kzi. This manifestly
commutes with the SU(2) × SU(2) ⊂ SU(4) y C4 action above. There is another
notable geometric symmetry, namely the Z2 that acts by exchanging the two copies of
C2 in C4, and thus exchanges the SU(2) isometries. This symmetry is then inherited
9
by the four-dimensional N = 4 gauged supergravity theory.
According to the holographic dictionary, symmetries of the eleven-dimensional solu-
tion correspond to symmetries of the field theory. In particular the SU(2)×SU(2) isom-
etry of the internal space, which becomes a Spin(4)R gauged R-symmetry of the con-
sistently truncated four-dimensional theory, corresponds to the Spin(4)R R-symmetry
of the field theory dual. The Z2 that acts as an outer automorphism, exchanging the
group factors in Spin(4)R ⊂ Spin(6)R, is indeed a symmetry of the N = 6 ABJM
theory, since the latter has an equal number of untwisted and twisted hypermultiplets,
in N = 4 language, and therefore its matter content is symmetric under the exchange
of SU(2)+ and SU(2)− [41].
In the rest of the paper we will work entirely within the Das–Fischler–Rocˇek four-
dimensional N = 4 gauged supergravity theory. Any solution to this theory, for a bulk
asymptotically locally hyperbolic four-manifold Y4, automatically uplifts on S
7/Zk to
give a gravity dual to the ABJM theory defined on the conformal boundary M3 = ∂Y4.
In particular we note that the effective four-dimensional Newton constant is
1
2κ24
=
k1/2
12
√
2π
N3/2 . (2.4)
3 Holographic supergravity theory
We begin in section 3.1 by defining a real Euclidean section ofN = 4 gauged supergrav-
ity in four dimensions and determine the fermionic supersymmetry transformations. A
Fefferman–Graham expansion of asymptotically locally hyperbolic solutions to this
theory is constructed in section 3.2, for arbitrary conformal boundary three-manifold
(M3, g). Using this, in section 3.3 we holographically renormalize the action.
3.1 Euclidean N = 4 gauged supergravity
As outlined so far, holographic duals to three-dimensional SCFTs with a Spin(4) =
SU(2)+×SU(2)− R-symmetry should be solutions of a four-dimensionalN = 4 SU(2)×
SU(2) gauged supergravity. As discussed in the previous subsection, the Das–Fischler–
Rocˇek [13] theory has a supersymmetric AdS4 vacuum and was shown in [14] to be a
consistent truncation of eleven-dimensional supergravity on S7/Zk.
In Lorentzian signature the bosonic sector of this N = 4 supergravity theory com-
prises the metric Gµν , two real scalars φ, ϕ which together parametrize an SL(2,R)
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coset, and two triplets of SU(2) gauge fields AIµ, AˆIµ (I = 1, 2, 3). The associated field
strengths are
F I ≡ dAI + 1
2
g ǫIJKAJ ∧ AK , Fˆ I ≡ dAˆI + 1
2
g ǫIJKAˆJ ∧ AˆK , (3.1)
and we have taken equal gauge couplings g for each of the SU(2) factors in the non-
simple gauge group. It is convenient to introduce the scalar field X ≡ e 12φ and define
X˜ ≡ X−1q where q2 ≡ 1 + ϕ2X4. The bosonic action and equations of motion in
Lorentzian signature appear in [14]. However, as we are interested in holographic duals
to TQFTs defined on Riemannian three-manifolds, we require a Euclidean signature
version of this theory. After a Wick rotation the action becomes
I = − 1
2κ24
∫ [
R ∗ 1− 2X−2dX ∧ ∗dX − 1
2
X4dϕ ∧ ∗dϕ+ g2(8 + 2X2 + 2X˜2) ∗ 1
− 1
2
X−2
(F I ∧ ∗F I + iϕX2F I ∧ F I)− 1
2
X˜−2
(Fˆ I ∧ ∗Fˆ I − iϕX2Fˆ I ∧ Fˆ I)] . (3.2)
Here R = R(G) denotes the Ricci scalar of the metric Gµν , and ∗ is the Hodge duality
operator acting on forms. The equations of motion which follow from this action are:6
EX : 0 = d(X
−1 ∗ dX)− 1
2
X4dϕ ∧ ∗dϕ+ g2(X2 −X−2(1− ϕ2X4)) ∗ 1 (3.3)
+ 1
4
X−2F I ∧ ∗F I − 1
4
X2(1− ϕ2X4)q−4Fˆ I ∧ ∗Fˆ I + i
2
ϕX˜−4Fˆ I ∧ Fˆ I ,
Eϕ : 0 = d(X
4 ∗ dϕ) + 4g2X2ϕ ∗ 1− i
2
F I ∧ F I
+ ϕX2X˜−4Fˆ I ∧ ∗Fˆ I + i
2
(1− ϕ2X4)X˜−4Fˆ I ∧ Fˆ I , (3.4)
EAI : 0 = D(X
−2 ∗ F I) + idϕ ∧ F I , (3.5)
EAˆI : 0 = Dˆ(X˜
−2 ∗ Fˆ I)− id(ϕX2X˜−2) ∧ Fˆ I , (3.6)
EG : 0 = Rµν + g
2Gµν(4 +X
2 + X˜2)− 2X−2∂µX∂νX − 12X4∂µϕ∂νϕ
− 1
2
X−2
(F IµρF Iν ρ − 14Gµν(F I)2)− 12X˜−2(Fˆ IµρFˆ Iν ρ − 14Gµν(Fˆ I)2) . (3.7)
Here (F I)2 ≡∑3I=1F IµνF Iµν , (Fˆ I)2 ≡∑3I=1 Fˆ IµνFˆ Iµν and the Bianchi identities define
the SU(2) covariant derivatives
BAI : DF I ≡ dF I + g ǫIJKAJ ∧ FK = 0 , (3.8)
BAˆI : DˆFˆ I ≡ dFˆ I + g ǫIJKAˆJ ∧ FˆK = 0 . (3.9)
6The Einstein equation (3.7) incorporates the potential-like term which is missing from the
Lorentzian version in [14].
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In general, equations (3.3)–(3.7) are complex, and solutions will likewise be complex.
However, note that taking the axion ϕ to be purely imaginary effectively removes all
factors of i. Note also that the action and equations of motion are invariant under the Z2
symmetry: g→ −g, AI → −AI , AˆI → −AˆI . There is a second Z2 symmetry, discussed
in section 2.2, which corresponds to the field theory outer automorphism exchanging
the group factors in Spin(4)R ∼= SU(2)+ × SU(2)−. This second Z2 symmetry acts on
the supergravity fields as X → X˜, ϕX2 → −ϕX2, AI → AˆI and AˆI → AI . Whilst
not manifest in the action and equations of motion, it can be made so upon rewriting
the scalar kinetic terms in (3.2) as 2XX˜dX ∧ ∗dX˜ − 1
2
d(ϕX2) ∧ ∗d(ϕX2).
In the Lorentzian theory the fermionic sector contains four gravitini, ψaµ, and four
dilatini, χa, which together with the spinor parameters ǫa all transform in the funda-
mental 4 representation of the Spin(4) global R-symmetry group, which we label by
a = 1, . . . , 4. The supersymmetry transformations are not given in [14] and the form of
the action is different to that appearing in the original literature [13]; in particular the
parametrization of the scalars and their coupling to the gauge fields is different. We
cannot, therefore, simply take the supersymmetry transformations given in [13]. Of
course, the two actions represent the same theory but presumably in different symplec-
tic duality frames, and possibly with different gauge fixed SL(2,R) scalar coset rep-
resentatives. Instead of translating between the different presentations in Lorentzian
signature and then Wick rotating to the Euclidean, we have instead derived the con-
ditions for preserving supersymmetry by a different method.
We started with a general ansatz for the gravitino and dilatino variations and then
acted on the dilatino with the Dirac operator, adding additional field dependent mul-
tiples of the dilatino variation in order to recover a subset of the bosonic equations of
motion (3.3)–(3.7). This essentially shows that the dilatino field equation (in a bosonic
background) maps to some of the bosonic field equations. Computing the integrability
condition on the spinor parameter, which can be rephrased in terms of the free Rarita–
Schwinger equation for the gravitino, and adding further dilatino variations recovers
the remaining bosonic equations of motion. Hence the fermionic field equations map
to bosonic ones, i.e. the theory is supersymmetric. At the end of this analysis we find:
δψaµ = 0 = Dµǫa − 18√2ηIabX−1F IνλΓνλΓµǫb + 18√2 η¯IabX−1X˜−2Fˆ IνλΓνλΓµ
[
1 + iϕX2Γ5
]
ǫb
+ i
4
X2∂µϕΓ5ǫ
a − 1
2
√
2
g
[
(X +X−1)− iϕXΓ5
]
Γµǫ
a , (3.10)
δχa = 0 = 1
8
ηIabX
−1F IνλΓνλǫb + 18 η¯IabX−1X˜−2Fˆ Iνλ
[
1− iϕX2Γ5
]
Γνλǫb
12
+ 1√
2
[
X−1∂νX + i2X
2∂νϕΓ5
]
Γνǫa + 1
2
g
[
(X −X−1) + iϕXΓ5
]
ǫa . (3.11)
Here the gauge covariant derivative acting on the supersymmetry parameter is
Dµǫa = ∇µǫa − 12g ηIabAIµǫb + 12g η¯IabAˆIµǫb , (3.12)
and ηIab, η¯
I
ab are respectively the self-dual/anti-self-dual ’t Hooft symbols. In addition,
Γµ, µ = 1, . . . , 4, are generators of the Euclidean spacetime Clifford algebra, satisfying
{Γµ,Γν} = 2Gµν , and we define Γ5 ≡ −Γ1234. Note that the Z2 symmetry that reverses
the signs of g and the two SU(2) gauge fields is also a symmetry of these supersymmetry
equations, provided one combines it with Γµ → −Γµ.
For the purposes of completeness, we note that the transformations satisfy
ΓµDµδχa+3i4X2∂µϕΓµΓ5δχa
= 1√
2
EXǫ
a − i
2
√
2
X−2EϕΓ5ǫa
+ 1
8
ηIabX
−1(BAI )µνλΓ
µνλǫb + 1
8
η¯IabX
−1X˜−2(BAˆI )µνλΓ
µνλ
[
1− iϕX2Γ5
]
ǫb
+ 1
4
ηIabX(EAI )µΓ
µǫb + 1
4
η¯IabX
−1(EAˆI )µΓ
µ
[
1− iϕX2Γ5
]
ǫb , (3.13)
and
Γν [Dµ,Dν ]ǫa −
√
2X−1∂µXδχa + i√2X
2∂µϕΓ5δχ
a − 1
2
g
[
(X −X−1) + iϕXΓ5
]
Γµδχ
a
+ 1
8
ηIabX
−1F IνρΓνρΓµδχb + 18 η¯IabX−1X˜−2Fˆ Iνρ
[
1− iϕX2Γ5
]
ΓνρΓµδχ
b
= 1
2
(EG)µνΓ
νǫa − 1
8
√
2
ηIabX
−1(BAI )
νρσΓνρσΓµǫ
b
+ 1
8
√
2
η¯IabX
−1X˜−2(BAˆI )
νρσΓνρσΓµ
[
1 + iϕX2Γ5
]
ǫb
− 1
4
√
2
ηIabX(EAI )
νΓνΓµǫ
b + 1
4
√
2
η¯IabX
−1(EAˆI )
νΓνΓµ[1 + iϕX
2Γ5]ǫ
b . (3.14)
In deriving these conditions we have not needed to specify the type of spinor we are
using. Later, in section 4, we will deal with a truncation of this theory in which one
triplet of gauge fields is set to zero and the spinors are taken to be symplectic-Majorana.
3.2 Fefferman–Graham expansion
In this section we determine the Fefferman–Graham expansion [42] of asymptotically
locally hyperbolic solutions to this Euclidean supergravity theory. This is the general
solution to the bosonic equations of motion (3.3)–(3.7), expressed as a perturbative
expansion in a radial coordinate near the conformal boundary.
We take the form of the metric to be [42]
Gµνdx
µdxν =
1
z2
dz2 +
1
z2
gijdx
idxj =
1
z2
dz2 + hijdx
idxj . (3.15)
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The AdS radius ℓ = 1, and in turn we have the expansion
gij = g
0
ij + z
2
g
2
ij + z
3
g
3
ij + o(z
3) . (3.16)
Here g0ij = gij is the boundary metric induced on the conformal boundaryM3 at z = 0.
It is convenient to introduce the inner product 〈α, β〉 between two p-forms α, β via
α ∧ ∗β = 1
p!
αµ1···µpβ
µ1···µp vol , (3.17)
where vol denotes the volume form, with associated Hodge duality operator ∗. The
volume form for the four-dimensional bulk metric (3.15) is
vol4 =
1
z4
dz ∧ volg = 1
z4
dz ∧
√
det gdx1 ∧ dx2 ∧ dx3 . (3.18)
The determinant may then be expanded in a series in z, around that for g0, as follows
√
det g =
√
det g0
[
1 + z
2
2
t(2) + z
3
2
t(3)
]
+ o(z3) . (3.19)
Here we have denoted t(n) ≡ Tr [(g0)−1gn] and indices are always raised with g0.
The remaining bosonic fields are likewise expanded as follows:
X = 1 + zX1 + z
2X2 + z
3X3 + o(z
3) , (3.20)
ϕ = zϕ1 + z
2ϕ2 + z
3ϕ3 + o(z
3) , (3.21)
AI = AI + zaI1 + z2aI2 + o(z2) , (3.22)
AˆI = AˆI + zaˆI1 + z2aˆI2 + o(z2) . (3.23)
We have chosen a gauge in which all dz terms in the gauge field expansions are set to
zero.
We now substitute the above expansions into the equations of motion (3.3)–(3.7)
and solve them order by order in the radial coordinate z in terms of the boundary
data g0 = g,X1, ϕ1, A
I and AˆI . For the Einstein equation (3.7) we will need the Ricci
tensor of the metric (3.15):
Rzz = − 3
z2
− 1
2
(
Tr
[
g
−1∂2zg
]− 1
z
Tr
[
g
−1∂zg
]− 1
2
Tr
[
g
−1∂zg
]2 )
, (3.24)
Rij = − 3
z2
gij −
(
1
2
∂2zg− 1z∂zg− 12(∂zg)g−1(∂zg) + 14(∂zg)Tr
[
g
−1∂zg
]
−R(g)− 1
2z
gTr
[
g
−1∂zg
] )
ij
, (3.25)
14
Rzi = − 1
2
(g−1)jk
(
∇igjk,z −∇kgij,z
)
, (3.26)
where ∇ is the covariant derivative for g.
Examining first the axion equation (3.4) gives at the first two orders
0 = (1− 2g2)ϕ1 , 0 = (1− 2g2)(2X1ϕ1 + ϕ2) , (3.27)
which can be solved by setting g = ± 1√
2
. These equations fix the gauging coupling in
terms of the AdS4 length scale, which we have set to unity. At even higher order we
find
∇2ϕ1 = 2g2
(
ϕ1(t
(2) + 2X21 + 4X2) + 4X1ϕ2 + 2ϕ3
)
. (3.28)
Moving on to the dilaton equation (3.3) we find
0 = (1− 2g2)X1 , 0 = (1− 2g2)(X2 − 12X21 + 14ϕ21) , (3.29)
which are again solved by g = ± 1√
2
together with
∇2X1 = 2g2
(
2X3 +X1(t
(2) + 2X21 − 2X2 + ϕ21) + ϕ1ϕ2
)
− 2ϕ1(X1ϕ1 + ϕ2) . (3.30)
Next the AI gauge field equation (3.5) yields
0 = D ∗g0 aI1 , aI2 = X1aI1 + 12 ∗g0 D ∗g0 F I − i2ϕ1 ∗g0 F I , (3.31)
where the curvature is F I ≡ dAI + 1
2
g ǫIJKAJ ∧ AK . Notice that aI1, and hence aI2, is
partially undetermined. Similarly, the other gauge field equation (3.6) gives
0 = Dˆ ∗g0 aˆI1 , aˆI2 = −X1aˆI1 + 12 ∗g0 Dˆ ∗g0 Fˆ I + i2ϕ1 ∗g0 Fˆ I , (3.32)
with Fˆ I ≡ dAˆI + 1
2
g ǫIJKAˆJ ∧ AˆK .
The non-trivial information from the ij component of the Einstein equation (3.7),
using (3.25), is
g
2
ij = −
[
Rij(g
0)− 1
4
g
0
ijR(g
0)
]− g0ij(12X21 + 18ϕ21) , (3.33)
which is a matter-modified version of the boundary Schouten tensor. From this ex-
pression we immediately deduce that the trace of g2ij is
t(2) = − 1
4
R(g0)− 3
2
X21 − 38ϕ21 . (3.34)
The zz component of the Einstein equation in (3.7), together with (3.24), determines
the trace of the highest order component in the expansion of the bulk metric:
t(3) = 4
3
X31 − 23X1(4X2 + ϕ21)− 23ϕ1ϕ2 . (3.35)
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3.3 Holographic renormalization
Having solved the bulk equations of motion to the relevant order, we are now in a
position to holographically renormalize the Euclidean N = 4 gauged supergravity
theory. The bulk action (3.2) is divergent for an asymptotically locally hyperbolic
solution, but can be rendered finite by the addition of appropriate local counterterms.
We begin by taking the trace of the Einstein equation (3.7). Substituting the result
into the Euclidean action (3.2) with g = ± 1√
2
, we arrive at the bulk on-shell action
Io-s =
1
2κ24
∫
Y4
[
− (4 +X2 + X˜2) ∗ 1− 1
2
X−2
(F I ∧ ∗F I + iϕX2F I ∧ F I)
− 1
2
X˜−2
(Fˆ I ∧ ∗Fˆ I − iϕX2Fˆ I ∧ Fˆ I)] . (3.36)
Here Y4 is the bulk four-manifold, with boundary ∂Y4 = M3. In order to obtain the
equations of motion (3.3)–(3.7) from the original bulk action (3.2) on a manifold with
boundary, one has to add the Gibbons–Hawking–York term
IGHY = − 1
κ24
∫
∂Y4
d3x
√
det hK =
1
κ24
∫
∂Y4
d3x z∂z
√
det h . (3.37)
Here more precisely one cuts Y4 off at some finite radial distance, or equivalently non-
zero z > 0, and (M3, h) is the resulting three-manifold boundary, with trace of the
second fundamental form being K. Recall from (3.15) that hij =
1
z2
gij.
The combined action Io-s+ IGHY suffers from divergences as the conformal boundary
is approached. To remove these divergences we use the standard method of holographic
renormalization [43–45]. Namely, we introduce a small cut-off z = δ > 0, and expand
all fields via the Fefferman–Graham expansion of section 3.2 to identify the divergences.
These may be cancelled by adding local boundary counterterms. We find
Ict =
1
κ24
∫
∂Y4
d3x
√
det h
[
2 + 1
2
R(h) + (X − 1)2 + 1
4
ϕ2
]
. (3.38)
As is standard, we have written the counterterm action (3.38) covariantly in terms of
the induced metric hij on M3 = ∂Y4. The total renormalized action is then
S = lim
δ→0
(Io-s + IGHY + Ict) , (3.39)
which by construction is finite.
The choice of counterterms (3.38) defines a particular renormalization scheme. For
this theory there are other local, gauge invariant counterterms that one can construct
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from the boundary fields, that have non-zero (and finite) limits as δ → 0. It is straight-
forward to check that there are no such finite counterterms constructed without using
the scalar fields; but including the latter we may write down finite counterterms pro-
portional to the boundary integrals of ϕ3, (X−1)3, ϕR(h), etc. There are also local but
non-gauge invariant terms that one might consider. For example, boundary Chern–
Simons terms for the SU(2) gauge fields, and the boundary gravitational Chern–Simons
term. However, such terms would change the gauge invariance of the theory, and we
shall hence not consider them further.7 In principle we should use a supersymmetric
holographic renormalization scheme, but in the absence of a prescription for this we
shall use the minimal scheme with counterterms (3.38) in the remainder of the paper,
cf. the discussion in [46–49]. In any case, for the topological twist boundary condition
the boundary values ϕ1, X1 of ϕ and X will be zero, and the above-mentioned finite
gauge invariant counterterms are all zero.
Given the renormalized action we may compute the following vacuum expectation
values (VEVs):
〈Tij〉 = 2√
g
δS
δgij
, 〈Ξ〉 = 1√
g
δS
δX1
, 〈Σ〉 = 1√
g
δS
δϕ1
,
〈J iI 〉 =
1√
g
δS
δAIi
, 〈Jˆ iI 〉 =
1√
g
δS
δAˆIi
. (3.40)
Here, as usual in AdS/CFT, the boundary fields gij, X1, ϕ1, A
I
i and Aˆ
I
i act as sources for
operators, and the expressions in (3.40) compute the VEVs of these operators. Using
the above holographic renormalization we may write (3.40) as the following limits:
〈Tij〉 = 1
κ24
lim
δ→0
1
δ
[
−Kij +Khij +Rij(h)− 12hijR(h) + hij(−2 − (X − 1)2 − 14ϕ2)
]
,
〈Ξ〉 = 1
κ24
lim
δ→0
1
δ2
[
− 2δX−2∂δX + 2(X − 1)
]
,
〈Σ〉 = 1
κ24
lim
δ→0
1
δ2
[
− 1
2
δX4∂δϕ+
1
2
ϕ
]
,
〈J Ii〉 = 1
2κ24
lim
δ→0
1
δ3
[
− ∗h
(
dxi ∧ (X−2 ∗4 F I + iϕF I))] ,
7The topological twist will later identify one boundary SU(2) gauge field with the boundary spin
connection of (M3, g), so that these Chern–Simons terms are the same. Moreover, since any oriented
three-manifold is parallelizable there is always a globally defined frame. Choosing such a frame then
allows one to interpret the gravitational Chern–Simons term as a global three-form on M3. However,
its integral depends on the choice of framing.
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〈Jˆ Ii〉 = 1
2κ24
lim
δ→0
1
δ3
[
− ∗h
(
dxi ∧ (X˜−2 ∗4 Fˆ I − iϕX2X˜−2Fˆ I)] . (3.41)
Here Kij is the second fundamental form of the cut-off hypersurface (M3, hij), and ∗h
denotes the Hodge duality operator for the metric hij. A computation then gives the
finite expressions
〈Tij〉 = 1
κ24
[
3
2
g
3
ij − 12g0ij
(
3t(3) + 4X1X2 + ϕ1ϕ2
)]
, (3.42)
〈Ξ〉 = 1
κ24
(
4X21 − 2X2
)
, (3.43)
〈Σ〉 = − 1
κ24
(
2X1ϕ1 +
1
2
ϕ2
)
, (3.44)
〈J Ii 〉 = −
1
2κ24
(aI1)i , (3.45)
〈Jˆ Ii 〉 = −
1
2κ24
(aˆI1)i . (3.46)
Notice that each of these expressions contain terms that are not determined, in terms
of boundary data, by the Fefferman–Graham expansion of the bosonic equations of
motion. In particular the g3ij term in the stress-energy tensor Tij , the scalars X2, ϕ2
that determine respectively Ξ, Σ, and aI1, aˆ
I
1 appearing in the SU(2)R currents.
As a quick check/application of these formulae, consider a boundary Weyl trans-
formation δσ under which δgij = 2gijδσ, the scalars X1, ϕ1 have Weyl weight 1:
δX1 = X1δσ, δϕ1 = ϕ1δσ and the gauge fields Weyl weight 0. Then it is a simple
exercise to show that
δσS =
∫
∂Y4
volg
[
1
2
Tijδg
ij + ΞδX1 + Σδϕ1 + J
I
i δA
Ii + Jˆ Ii δAˆ
Ii
]
= 0 , (3.47)
which is consistent with the fact that there is no conformal anomaly in three-dimensional
SCFTs.
4 Supersymmetric solutions
In this section we study supersymmetric solutions to the Euclidean N = 4 super-
gravity theory. We begin in section 4.1 by deriving the Killing spinor equations on
the conformal boundary from the bulk supersymmetry equations, and then compare
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them to the component form equations of off-shell three-dimensional N = 4 conformal
supergravity. In section 4.2 we describe how the topological twist arises as a special so-
lution to these Killing spinor equations, that exists on any Riemannian three-manifold
(M3, g). Finally, in section 4.3 we expand solutions to the bulk spinor equations in a
Fefferman–Graham-like expansion.
4.1 Boundary spinor equations
We begin by introducing the charge conjugation matrix C for the Euclidean spacetime
Clifford algebra. By definition Γ∗µ = C
−1ΓµC , and one may choose Hermitian genera-
tors Γ†µ = Γµ together with the conditions C = C
∗ = −C T, C 2 = −1. We may then
define spinors in Euclidean signature to satisfy the symplectic-Majorana condition
ǫa ≡ ΩabC (ǫb)∗ , (4.1)
with Ω = σ3 ⊗ iσ2. It is straightforward to check that when AˆI = 0, and provided the
axion ϕ is purely imaginary with all other bosonic fields being real, the supersymmetry
variations (3.10), (3.11) are compatible with this symplectic-Majorana condition. We
will be interested in solutions that satisfy these reality conditions, and henceforth
work in the truncation of the bulk supergravity theory for which the triplet of SU(2)
gauge fields AˆIµ is set to zero. For completeness we record here the truncated bulk
supersymmetry conditions:
0 = ∇µǫa − 12gηIabAIµǫb − 18√2ηIabX−1F IνλΓνλΓµǫb + i4X2∂µϕΓ5ǫa
− 1
2
√
2
g
[
(X +X−1)− iϕXΓ5
]
Γµǫ
a , (4.2)
0 = 1
8
ηIabX
−1F IνλΓνλǫb + 1√2
[
X−1∂νX + i2X
2∂νϕΓ5
]
Γνǫa
+ 1
2
g
[
(X −X−1) + iϕXΓ5
]
ǫa . (4.3)
We next expand the bulk Killing spinor equations (4.2), (4.3) to leading order near
the conformal boundary at z = 0. We will consequently need the Fefferman–Graham
expansion of an orthonormal frame for the metric (3.15), (3.16), together with the
associated spin connection. The following is a choice of frame Eµµ for the metric (3.15):
Ezz =
1
z
, Ezi = E
i
z = 0, E
i
i =
1
z
e
i
i , (4.4)
where eii is a frame for the z-dependent metric g. The latter then has the expansion
(3.16), but for the present subsection we shall only need that
e
i
i = e
i
i +O(z
2) , (4.5)
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where eii is a frame for the boundary metric g
0 = g. The non-zero components of the
spin connection Ω νρµ at this order are correspondingly
Ω zji =
1
z
e ji +O(z) , Ω
jk
i = ω
jk
i +O(z
2) , (4.6)
where ω jki denotes the boundary spin connection.
We take as the generators of the Clifford algebra the following
Γ1¯ ≡ Γz¯ =
(
12 0
0 −12
)
, Γ1+i =
(
0 σi¯
σi¯ 0
)
, (4.7)
so that
Γ5 =
(
0 −i12
i12 0
)
, (4.8)
and
C =
(
iσ2 0
0 −iσ2
)
, (4.9)
where σi¯ the usual Pauli matrices. The bulk Killing spinor is then expanded as
ǫa = z−1/2εa + z1/2ξa + o(z1/2) . (4.10)
From the z-component of the gravitino equation (4.2) one then finds
0 = − z−1/2 1
2
(1± Γz¯)εa + z1/2
[
1
2
(1∓ Γz¯)ξa + i4ϕ1Γ5(1± Γz¯)εa
]
+ o(z1/2) , (4.11)
with the upper/lower signs corresponding to taking g = ± 1√
2
. We can then satisfy this
equation by taking εa to have a definite chirality under Γz¯ and ξ
a to have the opposite
chirality. Recall that there is a Z2 symmetry of the action, equations of motion, and
supersymmetry equations, that sends g → −g, AI → −AI , Γµ → −Γµ. Using this,
without loss of generality we set g = − 1√
2
from now on, so that εa has positive Γz¯
chirality and ξa negative chirality, and we write them as
εa =
(
εaL
0
)
, ξa =
(
0
ξaR
)
. (4.12)
The leading order term in the i-component of the gravitino equation is then seen
to be identically satisfied. The next order gives the boundary Killing spinor equation
(KSE):
0 = ∇Ai εaL + σiξaR − 14ϕ1σiεaL . (4.13)
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Here ∇Ai εaL = ∇iεaL+ 12√2ηIabAIi εbL, where the covariant derivative is with respect to the
Levi–Civita spin connection of the boundary metric g0ij = gij, and σi = σi¯ e
i¯
i, so that
{σi, σj} = 2gij. Note that after redefining the conformal spinor parameter such that
ξ˜aR = ξ
a
R − 14ϕ1εaL, the boundary KSE becomes
0 = ∇Ai εaL + σiξ˜aR . (4.14)
This is the equation which results from setting to zero the gravitino supersymmetry
variation of off-shell 3d N = 4 conformal supergravity [50].
Turning to the bulk dilatino equation (4.3), the leading order term is equivalent to
the chirality property of εa. At the next order we obtain two conditions, corresponding
to the left and right-handed components
0 = − 1√
2
ϕ1ξ
a
R − 12√2(X21 − 2X2)εaL + 12√2∂iϕ1σiεaL + 18ηIabF IijσijεbL , (4.15)
0 =
√
2X1ξ
a
R +
1
2
√
2
(X1ϕ1 + ϕ2)ε
a
L − 1√2∂iX1σiεaL + 14ηIab(aI1)iσiεbL . (4.16)
After the redefinition of the conformal spinor parameter and Hodge dualising one term
these read
0 = − 1√
2
ϕ1ξ˜
a
R − 12√2
(
1
2
ϕ21 +X
2
1 − 2X2
)
εaL +
1
2
√
2
∂iϕ1σ
iεaL +
1
8
ηIabF
I
ijσ
ijεbL , (4.17)
0 =
√
2X1ξ˜
a
R +
1√
2
(
X1ϕ1 +
1
2
ϕ2
)
εaL − 1√2∂iX1σiεaL − i8ηIab(∗aI1)ijσijεbL . (4.18)
These equations are not equivalent, and matching them to the single algebraic condi-
tion arising from setting a three-dimensional dilatino variation to zero is not therefore
entirely straightforward. The Weyl multiplet of off-shell N = 4 conformal supergravity
contains two auxiliary scalar fields S1, S2 of Weyl weight 1 and 2 respectively, and
generically six gauge fields. The vanishing of the dilatino supersymmetry transforma-
tion [50] when one triplet of gauge fields is turned off is, schematically,
0 = S1ξ˜
a + S2ε
a + ∂iS1σ
iεa + ηIabF
I
ijσ
ijεb . (4.19)
Clearly (4.17) is of this form once we identify S1 ∼ ϕ1, S2 ∼ 12ϕ21+X21 −2X2. However,
(4.18) does not match so neatly as ∗aI1 is not a field strength. Moreover, our spinor
expansion should recover a single equation, and so it is perhaps some linear combination
of (4.17) and (4.18) that reproduces (4.19). In any case, it is not clear that the leading
order dilatino equation should match this particular off-shell formulation of N = 4
conformal supergravity.
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4.2 Topological twist
Recall that the boundary Killing spinor equation (4.13) written in full is
0 = ∂iε
a
L +
1
4
ωi
jkσjkε
a
L +
1
2
√
2
ηIabA
I
i ε
b
L + σiξ
a
R − 14ϕ1σiεaL . (4.20)
To solve this equation with a topological twist, we begin by setting the boundary scalar
ϕ1 and conformal spinor parameter ξ
a
R to zero. We then identify the boundary SU(2)
gauge field with the spin connection as follows
AIi =
1√
2
ǫI jkωi
jk . (4.21)
The constant spinor which solves the Killing spinor equation is then
εaL = iσ
a
(
w
iw¯
)
, (4.22)
where w is any complex number and
(σa) = (σ1, σ2, σ3,−i12) . (4.23)
It is useful to note that the ’t Hooft symbol action on εaL may be exchanged for the
Pauli matrix action:
ηIabε
b
L = − iσIεaL . (4.24)
We have solved the leading order KSE. Turning to the algebraic spinor equations we
note that, in general, the conformal spinor parameter ξaR can be solved for by taking
the σi trace of the KSE (4.13). Substituting this generic expression for ξaR into (4.15)
and rescaling by
√
2 leads to
0 = − ϕ1 6 ∇AεaL + 12 [6 ∇A, 6 ∇A]εaL + 12∂iϕ1σiεaL + 14(3ϕ21 − 2X21 + 4X2 +R)εaL , (4.25)
with R = R(g) the boundary Ricci scalar. Specialising to the field configuration which
solves the boundary KSE above, this simplifies to
0 = 1
4
(−2X21 + 4X2 +R)εaL , (4.26)
and therefore fixes
X2 =
1
4
(2X21 − R) . (4.27)
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The other algebraic relation (4.16) now reads
0 = 1
2
√
2
ϕ2ε
a
L − 1√2∂iX1σiεaL + 14ηIab(aI1)iσiεbL . (4.28)
Here recall that aI1 is (proportional to) the VEV of the remaining SU(2)R current. One
can use (4.24) to swap the ’t Hooft symbol for a Pauli matrix, plus the usual relation
σi¯σj¯ = δij + iǫijkσk¯ . (4.29)
The resulting equation takes the algebraic form
cbσ
bεaL = 0 , (4.30)
where (σb) are the extended Pauli matrices (4.23), and the coefficients cb are real. In
particular here we use that ϕ2 is purely imaginary. Using the solution (4.22), one
can easily check that as long as w 6= 0 equation (4.30) implies that ca = 0 for all
a = 1, 2, 3, 4. We thus conclude the equations
ϕ2 =
i√
2
(aI1)¯i δ
i¯
I , ∂i¯X1 =
1
2
√
2
ǫijI(a
I
1)
j¯ . (4.31)
Note here the trace over frame indices and SU(2)R indices in the expression for ϕ2:
this makes sense globally, since the topological twist identifies the gauge bundle with
the spin bundle. Having identified indices we may view (aI1)
i¯ as a two-tensor.
4.3 Supersymmetric expansion
In this section we continue to expand the bulk spinor equations to higher order in z.
From this we extract further information about some of the fields which are not fixed,
in terms of boundary data, by the bosonic equations of motion. We will continue to
use the boundary conditions appropriate to the topological twist. The frame, spin
connection and spinor expansions beyond the leading order given in section 4.1 will be
needed, so we first give details of these. The frame expansion is
e
i
i = e
i
i +
1
2
z2(g2)ij e
j
i + z
3(e(3))ii + o(z
3) , (4.32)
where in particular eii is a frame for the boundary metric and we have used a local SO(3)
rotation to gauge fix the order z2 term. The additional spin connection components
we will need are
Ωi
zi =
1
z
e
i
i − 12gjkeij∂zgik , Ωzij = gije[ii ∂zej]j . (4.33)
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The bulk spinor then has the following expansion
ǫa = z−1/2εa + z3/2εa3 + z
5/2εa5 + o(z
5/2) , (4.34)
where εa are constant with positive chirality under Γz¯.
The remaining orders of the bulk dilatino equation give us
0 = 1
2
√
2
(X31 − 4X1X2 + 4X3)εaL + 12√2∂i¯ϕ2σ i¯εaL + 18ηIab
(
(F I1 )ij −X1F Iij
)
σijεbL , (4.35)
0 = −
√
2X1ε
a
3,R − 12√2(3X1ϕ2 + 2ϕ3)εaL + 1√2
(
∂i¯X2 −X1∂i¯X1
)
σ i¯εaL
− 1
4
ηIab
(
2(aI2)¯i −X1(aI1)¯i
)
σ i¯εbL , (4.36)
where F I1 = Da
I
1 ≡ daI1 − 1√2ǫIJKAJ ∧ aK1 . The remaining gravitino expansions give
0 = εa3,L +
1
8
X21ε
a
L − 116√2ηIabF IijσijεbL , (4.37)
0 = εa3,R − 14ϕ2εaL + 14√2ηIab(aI1)¯iσ i¯εbL , (4.38)
0 = 1
2
g
2
ij
σj¯εaL +
1
4
X21σi¯ε
a
L − 18√2ηIabF Ijkσjkσi¯εbL , (4.39)
0 = εa5,L − 112(X31 − 2X1X2)εaL − 124√2ηIab
(
(F I1 )ij −X1F Iij
)
σijεbL , (4.40)
0 = εa5,R − 18(3X1ϕ2 + 2ϕ3)εaL + 18√2ηIab
(
2(aI2)¯i −X1(aI1)¯i
)
σ i¯εbL , (4.41)
0 = σi¯ε
a
5,R +∇Ai¯ εa3,L + 14ω(2)jki¯ σjkεaL − 14(X1ϕ2 + ϕ3)σi¯εaL
− 1
4
√
2
ηIab
(
(g2)¯i
j¯AIj¯ −X1(aI1)¯i
)
εbL +
1
4
√
2
ηIab
(
2(aI2)j¯ −X1(aI1)j¯
)
σijεbL , (4.42)
0 = 3
4
g
3
ij
σj¯εaL +∇Ai¯ εa3,R − 14(X31 − 2X1X2)σi¯εaL − 14∂i¯ϕ2εaL
− 1
8
√
2
ηIab
(
(F I1 )jk −X1F Ijk
)
σjkσi¯ε
b
L . (4.43)
From the topological twist condition (4.21) the boundary gauge field strength is
F I
ij
= 1√
2
ǫIklRij
kl . (4.44)
Substituting this and the expressions for X2, a
I
1 and ϕ2 into (4.37), (4.38) allows us to
identify
εa3,L = − 116(2X21 −R) εaL , εa3,R = 12ϕ2 εaL − 12∂i¯X1σ i¯εaL . (4.45)
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We also find that equation (4.39) is identically satisfied given the expression (3.33) for
g
2 found in solving the Einstein equation. Equations (4.40) and (4.41) are solved by
removing the unknown quantities F I1 , a
I
2 using (4.35) and (4.36):
εa5,L = − 124(X1R− 2X31 + 8X3)εaL − 112∂i¯ϕ2σ i¯ εaL , (4.46)
εa5,R =
1
2
(2X1ϕ2 + ϕ3)ε
a
L − 116∂i¯(2X21 −R) σ i¯εaL . (4.47)
We will not solve (4.42) as knowledge of aI2 or ω
(2) is not relevant for our purposes.
Turning now to (4.43), using previous results we can re-express this particular equation
as
0 =
[
3
4
g
3
ij
− 1
2
∇i¯∂j¯X1 − 18X1Rδij
]
σj¯εaL
+ 1
4
∂i¯ϕ2ε
a
L − 18√2ηIab
(
(F I1 )jk −X1F Ijk
)
σjkσi¯ε
b
L . (4.48)
By taking the real part we can extract the remaining term in the Fefferman–Graham
expansion of the bulk metric
g
3
ij
= 2
3
∇i∂jX1 + 16X1Rδij + 16√2(F1(i)klǫj)kl − 13√2(F k1 )l(iǫj)kl
−X1
[
1
6
√
2
(F(i)
klǫj)kl − 13√2(F k)l(iǫj)kl
]
. (4.49)
5 Metric independence
Our aim in this short section is to show that, for any supersymmetric asymptoti-
cally locally hyperbolic solution to the Euclidean N = 4 supergravity theory, with the
topologically twisted boundary conditions on an arbitrary Riemannian three-manifold
(M3, g), the variation with respect to the arbitrary boundary metric of the holograph-
ically renormalized action is identically zero.
An arbitrary deformation of the renormalized action can be written as
δS =
∫
∂Y4=M3
d3x
√
det g
[
1
2
Tijδg
ij + ΞδX1 + Σδϕ1 + J
I
i δA
Ii + Jˆ Ii δAˆ
Ii
]
. (5.1)
For the topological twist we set ϕ1 = 0 and A
I
i =
1√
2
ǫI jkωi
jk, together with truncating
the bulk SU(2) triplet AˆI = 0. At this point we have not chosen a value for the freely
specifiable boundary field X1 which, recall, has Weyl weight 1. In order for δX1 to
be relatable to δgij, X1 must be a scalar function built from the boundary curvature
tensors, Rijkl, Rij and R. However, from these tensors we cannot construct a Weyl
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weight 1 object. Consequently we choose to set X1 = 0 as part of the topological twist
boundary conditions.
To evaluate δAIi we require the variation of the boundary spin connection in terms
of the boundary metric:
δωi
jk = 1
2
ejj¯ekk¯(∇kδgij −∇jδgik) . (5.2)
Thus
δAIi =
1√
2
ǫI jkδωi
jk = 1√
2
ǫI jke
jj¯ekk¯∇kδgij . (5.3)
Therefore the variation of the action for the topological twist boundary conditions
reduces to
δS =
∫
M3
[(
1
2
Tij − 1√2∇k(JIiǫI jke
j¯
je
k¯
k)
)
δgij +∇k
(
1√
2
ǫI jk J
i
I e
jj¯ekk¯δgij
)]
vol3 , (5.4)
where we have introduced vol3 ≡
√
det g d3x. Dropping the total derivative, which is
zero for the closed three-manifolds we are considering, and inserting the expressions
for the stress-energy tensor and SU(2) current from (3.42) and (3.45) gives
δS =
1
4κ24
∫
M3
Tijδgijvol3 , (5.5)
where the effective stress-energy tensor is
Tij = 3g3ij + 1√2∇k
(
ǫIk(i (a
I
1)j)
)
. (5.6)
Note that because we have identified spacetime and R-symmetry indices, the covariant
derivative in Tij acts on both the I and i indices of (aI1)i. Inserting the expression for
g
3
ij from (4.49) when X1 = 0 gives
Tij = ei¯iej¯j
[
1
2
√
2
(F1(i)
klǫj)kl − 1√2(F k1 )l(iǫj)kl
]
+ 1√
2
∇k(ǫIk(i(aI1)j)) . (5.7)
Expanding the field strengths we have
2
√
2Tij = ei¯iej¯j
[∇k(a1(i)lǫj)kl + (ωk)(iI(a1|I|)lǫj)kl + 2∇[l(ak1)(i]ǫj)lk + 2(ω[l)kI(a1|I|)(i]ǫj)lk]
+ 2∇k(ǫIk(i(aI1)j)) . (5.8)
Here covariant derivatives of (aI1)i in the first line are understood to act with respect
to the index outside the bracket only, in contrast to the action on the second line. By
carefully expanding, using the definition of the spin connection as the connection of the
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frame bundle, and recalling from section 4.2 that when X1 = 0, (a
I
1)i is symmetric in
I and i indices, we find delicate cancellations and ultimately that Tij = 0. Notice this
is true for an arbitrary background closed three-manifold (M3, g), and that while the
Fefferman–Graham expansion does not determine (aI1)i, nevertheless the expression for
Tij is identically zero.
We close this section by commenting on more precisely when the derivation in this
section holds, and in particular when the formula (5.1) holds. The latter computes
the variation δS of the on-shell action. A variation of the boundary fields induces a
corresponding variation of the bulk fields. Since the background solution that we are
varying about solves the bulk equations of motion, crucially the bulk contribution to
the resulting variation of the on-shell action is zero (by definition, this bulk integrand
multiplies the bulk equations of motion). Thus δS is necessarily a boundary term, and
for smooth saddle point solutions dual to the vacuum, one expects the only boundary
to be the conformal boundary ∂Y4 = M3. Equation (5.1) is the resulting boundary
expression. However, this computation would also hold if the bulk solution is singular,
or has internal boundaries, provided these do not contribute a corresponding surface
term in the interior, in addition to (5.1). The internal boundary conditions for fields
are clearly then relevant, but if one is going to allow internal singularities/boundaries
of this type in a putative saddle point, the absence of these additional surface terms is
a fairly clear constraint.
6 Geometric reformulation
In this section we first reformulate the bulk supersymmetry conditions (4.2), (4.3) in
terms of a local identity structure. We then use this structure in section 6.2 to determine
the renormalized on-shell action for any smooth filling with topological twist boundary
conditions.
6.1 Twisted identity structure
Recall that the bulk spinor is originally a quadruplet of Dirac spinors, and we halved
the number of degrees of freedom by requiring that it solve the symplectic-Majorana
condition (4.1). Therefore, the quadruplet of spinors has the form
ǫa =
(
ǫ1 ,−(ǫ1)c , ǫ2 , (ǫ2)c)T , (6.1)
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where ǫ1,2 are Dirac spinors on the four-manifold Y4 and the charge conjugate is ǫ
c =
C ǫ∗. Notice that the Weyl condition imposed with Γ5 acting on the spinor indices is
not compatible with the topological twist. One sees this from the expressions (4.8) and
(4.12): the leading order term in the expansion of the bulk spinor is chiral if and only
if it is zero. However, we may instead act with Γ5 on the R-symmetry indices of the
spinor and require
(Γ5)
a
bǫ
b = ±ǫa . (6.2)
This condition is compatible with the gravitino and dilatino equations (4.2) and (4.3),
since Γ5 commutes with the self-dual ’t Hooft symbols. Projecting onto the subspaces
with positive or negative “internal chirality” in (6.2) further reduces the bulk spinor to
ǫa = (ζ ,−ζc ,±iζ ,∓iζc)T . (6.3)
Using the single Dirac spinor ζ , we may define the following (local) differential forms
S ≡ ζζ , P ≡ ζΓ5ζ ,
K ≡ 1
S
ζΓ(1)ζ , V
1 ∓ iV 3 ≡ i
S
ζcΓ(1)Γ5ζ , V
2 ≡ i
S
ζΓ(1)Γ5ζ , (6.4)
where a bar denotes Hermitian conjugation. Globally, the full bulk spinor is a section
of Spin(Y4) ⊗ E, where E is a real rank 4 vector bundle associated to the principal
SU(2)R bundle. By considering the change between local trivializations of the spinor
under the SU(2)R ⊂ Spin(4), one can check that S and P are global smooth functions.
Moreover, K is a global one-form on Y4 \ {S = 0}, whilst (V 1, V 2, V 3) are sections
of Ω1(Y4 \ {S = 0}) ⊗ V , where V is the rank 3 vector bundle associated to the
SO(3)R = SU(2)R/Z2.
In order to have a globally well-defined bulk spinor ǫa, we have to lift the SO(3)R
bundle acting on V to an SU(2)R bundle acting on E. Moreover, we should define the
spinor in the first place, thus lifting the orthonormal frame bundle of the tangent bundle
to a Spin(4) frame bundle. In both cases, the obstruction to the lifting is the second
Stiefel–Whitney class of the real vector bundles, that is, w2(V ), w2(Y4) ∈ H2(Y4,Z2).
However, because the full bulk spinor is a section of Spin(Y4)⊗E, we only need
w2(V ) = w2(Y4) , (6.5)
in order for the tensor product of the “virtual” bundles to be defined. We say that
the bulk spinor is a SpinSU(2) spinor, as originally introduced in [51]. This is a non-
Abelian generalization of the perhaps more familiar Spinc spinors that are required,
for instance, in Seiberg–Witten theory.
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Geometrically, a single Dirac spinor in four dimensions defines a local identity struc-
ture on the four-manifold, or equivalently a local orthonormal frame. In order to
construct it, we split the bulk spinor into its components with positive and negative
chirality under Γ5, ζ = ζ+ + ζ−, and define
η± ≡ ζ±√
S±
, (6.6)
where S± ≡ ζ±ζ±. Then an orthonormal frame can be defined by
iE2 − E4 ≡ η−Γ(1)η+ , iE1 − E3 ≡ ηc−Γ(1)η+ , (6.7)
and we choose the orientation induced by the volume form E4123. We also define the
function θ by
cos2
θ
2
≡ S+
S
, sin2
θ
2
≡ S−
S
. (6.8)
We may then re-express the local differential forms above in terms of the frame as
P = S cos θ , K = − sin θE4 , V I = − sin θEI , I = 1, 2, 3 . (6.9)
This canonical frame degenerates at θ = 0, π, where the spinor has positive/negative
chirality, and also when S = 0, where the spinor vanishes. The subset of Y4 with
these points excluded will be denoted Y
(0)
4 . From the global considerations above it
then follows that E4 is a global one-form on Y
(0)
4 , and E
I are sections of Ω1(Y
(0)
4 )⊗ V .
Therefore, the EI rotate into each other in the fundamental representation of SO(3)R
between local trivializations, and the orthonormal frame is not in general global.
Starting with the bulk Killing spinor equations (4.2) and (4.3), we may find a set of
Killing spinor equations for ζ . Choosing negative internal chirality in (6.2), they read
∇µζ = − i2√2A2µζ − i2√2(A1µ + iA3µ)ζc + i8√2X−1F2νλΓνλΓµζ − i4X2∂µϕΓ5ζ
+ i
8
√
2
X−1(F1νλ + iF3νλ)ΓνλΓµζc − 14(X +X−1)Γµζ − i4ϕXΓµΓ5ζ , (6.10)
0 = 1√
2
X−1∂νXΓνζ + i8X
−1F2νλΓνλζ + i8X−1(F1νλ + iF3νλ)Γνλζc
− i
2
√
2
X2∂νϕΓ
νΓ5ζ − 12√2(X −X−1)ζ − i2√2ϕXΓ5ζ . (6.11)
From these equations, one can use standard spinor bilinear manipulations to obtain
differential conditions for the frame and the fields:
d(XS) = S sin θE4 , (6.12)
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d(XS cos θ) = 1√
2
S sin θEI F I , (6.13)
−D(S sin θEI) = 1√
2
X−1S(∗F I − cos θF I)
+ (X +X−1)S
(
EI4 − 1
2
cos θ ǫIJKEJK
)
+ iϕXS
(
cos θEI4 − 1
2
ǫIJKEJK
)
,
(6.14)
dϕ = i√
2
X−3 csc θEJ
(FJ + cos θ ∗ FJ)
+X−3 csc θ
(
iX(X −X−1) cos θ − ϕX2)E4 , (6.15)
dX = − 1
2
√
2
csc θEJ
(
cos θFJ + ∗FJ)
− 1
2
csc θ
(
X(X −X−1)− iϕX2 cos θ)E4 . (6.16)
Here the covariant derivative acting on EI is DEI ≡ dEI − 1√
2
ǫIJKAJ ∧ EK . We may
in particular combine these equations to obtain an expression for ϕ:
ϕ = iX−2 cos θ + α(XS)−1 , (6.17)
where α ∈ iR, and we have used that everything in this last equation is globally defined
to integrate, assuming that Y4 is path-connected.
The system of equations (6.12)–(6.16) is in fact necessary and sufficient to have a su-
persymmetric solution to the bulk equations of motion. There are several steps involved
in showing this. Firstly, we note that for a Dirac spinor ζ the set {ζ, ζc,Γµζ Γµζc} spans
the spinor space. Thus contracting the dilatino equation (6.11) with the Hermitian con-
jugate of each element of this set gives a collection of equations which are equivalent
to the dilatino equation. In turn, these equations can be shown to be equivalent to
(6.15) and (6.16). On the other hand, since we have a (local) identity structure, the
intrinsic torsion is determined by the exterior derivatives in (6.12)–(6.14). It follows
that (6.12)–(6.16) are equivalent to the Killing spinor equations. One next considers
the truncated integrability conditions derived from (3.13) and (3.14). From these it
is straightforward to show that the Killing spinor equations imply the equations of
motion, while the Bianchi identity for F I has to be imposed additionally. In particular
the proof of this uses the fact that the bulk spinor ζ is Dirac. The upshot is that the
complete system of equations to solve is given by the first order differential system
(6.12)–(6.16).
It is interesting, especially in light of the computation of the on-shell action in the
next section, to consider the expansion of the bilinear equation near the boundary.
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Using the Fefferman–Graham coordinate z, the bulk spinor ζ has the expansion
ζ = z−1/2
(
χ
0
)
+ z3/2
(
1
16
Rχ
1
2
ϕ2 χ
)
+ z5/2
(
− 1
12
∂iϕ2 σ
iχ
1
16
∂iRσ
iχ
)
+ o(z5/2) , (6.18)
where χ is a constant 2-component spinor given by
χ =
(
c
−ic
)
, (6.19)
with c ∈ R (compare with (4.22) with c = −w). Without loss of generality, we may set
c = 1 in the following, and the norm of the spinor takes the form
S =
2
z
+
z
4
R + o(z2) . (6.20)
We also find
X = 1− z
2
4
R + o(z3) ,
ϕ =
i√
2
z2(aI1)I + o(z
3) ,
t(2) = −1
4
R , t(3) = 0 .
(6.21)
The vanishing of ϕ1 allows us to fix the constant α in (6.17): expanding the latter
equation leads to ϕ1 = α/2, so under the assumption of the topological twist, α = 0.
In a neighbourhood of the conformal boundary, the bulk frame has the form
EI =
1
z
eI +
z
2
(
g
2 ◦ eI)+ o(z) ,
E4 = −dz
z
− z
2
8
dR + o(z2) .
(6.22)
Near the boundary, the leading order of the equations (6.12)–(6.16) is trivial apart from
(6.14), which corresponds to the condition that eI satisfy the first Cartan’s structural
equation
deI + ωIJ ∧ eJ = 0 . (6.23)
Here the spin connection ωIJ arises from the topological twist boundary condition for
the gauge field (4.21). In some sense (6.23) is a redundant equation, simply stating
that the frame defined by supersymmetry is compatible with the boundary metric.
As in the AdS5/CFT4 example, the bulk differental equations are tautological on the
boundary, where they simply define a (twisted) frame for the three-manifold M3. The
analogous statement in AdS5/CFT4 is that the bulk differential system at the boundary
defines a quaternionic Ka¨hler structure on the supersymmetric background, which one
can construct on any four-manifold [4].
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6.2 On-shell action
Thanks to these results, we can now greatly simplify the expression for the on-shell
action. We start with the expression (3.36) and set Fˆ I = 0, obtaining
Io-s = − 1
2κ24
∫
Y4
[−(4+X2+X−2+ϕ2X2)∗1− 1
2
X−2
(F I∧∗F I+iϕX2F I∧F I)] . (6.24)
Then, using (3.3) and (3.4), we may exchange the gauge field contribution for an exact
term
Io-s = − 1
2κ24
∫
Y4
[− (4 + 2X−2 + 2ϕ2X2) ∗ 1 + d(2X−1 ∗ dX − ϕX4 ∗ dϕ)] . (6.25)
Notice that, using the equations for the orthonormal frame and (6.17), we can write
d
(
X−1 ∗K) = − (2 +X−2 sin2 θ) ∗ 1 , (6.26)
and this, using the expression (6.17) for ϕ, is exactly (modulo a numerical factor) the
potential term in the on-shell action (6.25). Therefore, the on-shell action is exact
Io-s = − 1
κ24
∫
Y4
d
(
X−1 ∗K +X−1 ∗ dX − 1
2
ϕX4 ∗ dϕ) . (6.27)
The global arguments discussed above imply that the four-form in the action
Υ ≡ X−1 ∗K +X−1 ∗ dX − 1
2
ϕX4 ∗ dϕ , (6.28)
is globally well-defined on Y
(0)
4 . In what follows we assume that the subset of Y4 where
the spinor becomes chiral or zero is measure zero. As in section 3.3, we cut off the
bulk Y4 at some small radius z = δ > 0, so that ∂Y4 = Mδ ≡ {z = δ} ∼= M3. Using
Stokes’ theorem, we may then write the on-shell action as integrals over the conformal
boundary M3 ∼= Mδ, and over the boundaries Tǫ of the small tubular neighbourhoods
of radius ǫ > 0 surrounding the subsets Y4 \ Y (0)4 where the frame degenerates. Let us
consider first the contribution from the conformal boundary: using the expansion of
the spinor (6.18) and of the fields (6.21), it is easy to show that near the conformal
boundary
Υ =
(
1
δ3
− 3
8δ
R + o(1)
)
∗g0 1 . (6.29)
To this we should add the contributions from the Gibbons–Hawking–York term (3.37)
and the counterterms (3.38), which in a neighbourhood of the boundary are
IGHY =
1
κ24
∫
M3
(
− 3
δ3
+
1
8δ
R + o(1)
)
∗g0 1 , (6.30)
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Ict =
1
κ24
∫
M3
(
2
δ3
+
1
4δ
R + o(1)
)
∗g0 1 . (6.31)
Once we take into account the change in sign of the on-shell terms, due to the orienta-
tion of the bulk compared to the orientation of the boundary, the contribution to the
renormalized action from the conformal boundary is zero in the limit δ → 0.
Therefore, the renormalized gravitational action only receives contributions from the
subsets where the frame degenerates:
S =
1
κ24
lim
ǫ→0
∫
Tǫ
Υ , (6.32)
where the limit collapses the small neighbourhood around the degeneration locus. How-
ever, this gives zero for a smooth solution. That is, a supergravity solution with a
smooth metric and smooth bosonic fields. Clearly the last two forms in Υ, which
only involve X,ϕ, are well-defined if the bosonic fields are smooth. In particular since
X = e
1
2
φ, this means that X > 0 (indeed, bounded below by a positive constant since
Y4 is compact). The last two terms in Υ therefore provide zero contribution when
integrated over a subset of vanishing measure. The only non-trivial contribution could
arise from X−1 ∗K.
Consider first the subset where the spinor is chiral but non-vanishing. While changing
from local SU(2)R gauge patches of definition for ǫ
a, ζ is a linear combination of ζ and
ζc, but note that in four dimensions Γ5ζ = ±ζ if and only if Γ5ζc = ±ζc. Therefore,
spacetime chirality is a well-defined global concept for the SpinSU(2) spinor. If the
spinor is chiral but non-vanishing, S 6= 0 and the bilinears K and V I vanish, so
X−1 ∗K is zero there, and the integral is zero.
Secondly, consider the subset where the spinor is vanishing. One might worry that
K is not well-defined here, as S = 0. However, note that we may write
X−1 ∗K = −X−1 sin θE4 vol4 . (6.33)
Using (6.12) we then in turn have
X−1 sin θE4 = d log ρ , where ρ ≡ XS . (6.34)
We may thus use ρ > 0 as a radial coordinate near to the where the spinor vanishes
at ρ = 0, and more precisely define Tǫ = {ρ = ǫ > 0}. It follows that X−1 ∗K is the
product of a bounded function X−1 sin θ (as long as X > 0 is smooth), and the volume
form E4 vol4 induced on Tǫ from the four-dimensional bulk metric. The integral
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hence vanishes in the limit ǫ→ 0, where the volume of the tubular neighbourhood Tǫ
vanishes.
We conclude that the renormalized action for any smooth supergravity solution is
zero. In particular, we have made no assumptions at all here on the topology of M3,
or of its path-connected filling Y4 with ∂Y4 = M3.
7 Revisiting topological AdS5/CFT4
Inspired by the evaluation of the on-shell action in the previous section, here we revisit
the 5d/4d correspondence of [4]. After some brief background in section 7.1 recalling the
work in [4], we show in section 7.2 that smooth supersymmetric five-dimensional bulk
gravity fillings likewise have zero action. Note that this section is entirely independent
of the rest of the paper, despite sharing considerable overlap in notation. We trust this
will not cause confusion.
7.1 Background
In [4] we defined a holographic dual to the Donaldson–Witten topological twist of
N = 2 gauge theories on a Riemannian four-manifold (M4, g). The duals are described
by a class of asymptotically locally hyperbolic solutions to (Euclidean) N = 4+ gauged
supergravity in five dimensions. Working in a truncation where a certain doublet of
two-forms are set to zero, and with appropriate boundary conditions, we showed that
the holographically renormalized on-shell action is independent of the boundary metric.
The action for the truncated Euclidean N = 4+ gauged supergravity is
I = − 1
2κ25
∫
Y5
[
R ∗1− 3X−2dX ∧ ∗dX + 4(X2 + 2X−1) ∗1− 1
2
X4F ∧ ∗F
− 1
4
X−2F I ∧ ∗F I − i
4
F I ∧ F I ∧ A
]
.
(7.1)
Here R = R(G) denotes the Ricci scalar of the five-dimensional metric Gµν , ∗ is the
Hodge duality operator acting on forms and F = dA, F I = dAI− 1
2
ǫIJKAJ ∧AK . The
equations of motion which follow from this action are:
d(X−1 ∗ dX) = 1
3
X4F ∧ ∗F − 1
12
X−2F I ∧ ∗F I − 4
3
(X2 −X−1) ∗ 1 , (7.2)
d(X−2 ∗ F I) = ǫIJKX−2 ∗ FJ ∧ AK − iF I ∧ F , (7.3)
d(X4 ∗ F) = − i
4
F I ∧ F I , (7.4)
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Rµν = 3X
−2∂µX∂νX − 43(X2 + 2X−1)Gµν + 12X4
(FµρFνρ − 16GµνF2)
+ 1
4
X−2
(F IµρF Iνρ − 16Gµν(F I)2) , (7.5)
with F2 ≡ FµνFµν and (F I)2 ≡
∑3
I=1F IµνF Iµν . Note that the one-form A here plays
a similar role to the axion ϕ in the bulk four-dimensional supergravity of sections 3–6.
In particular in [4] the field A was likewise taken to be purely imaginary, with all other
bosonic fields real.
A Fefferman–Graham expansion of the bosonic fields, together with imposing bound-
ary conditions appropriate to the 4d N = 2 Donaldson–Witten topological twist, leads
to the inverse radial coordinate expansions8
X = 1− 1
12
z2 log z R + z2X2 +
1
48
z4 log z∇2R
+ z4
(
− 1
4
∇2X2 − 148∇2R + 1288R2 − 148RijRij − 1192(E + P)
)
+ o(z4) ,
AI = 1
2
ωi
jkJIjk dx
i − 1
4
z2 log z JImn∇jRmnji dxi + z2aI2 + o(z2) ,
A = z2 a2 + o(z2) . (7.6)
Here R,Rij and Rmnij are respectively the boundary Ricci scalar, Ricci and Riemann
tensor and E ,P are the Euler and Pontryagin densities constructed from these curvature
tensors. The boundary spin connection is ωi
jk and JI are a triplet of boundary self-dual
two-forms. The purely imaginary global one-form a2, along with X2 and a
I
2, are not
determined by Fefferman–Graham expansion of the equations of motion.
As explained in section 5.1 of [4], starting from a quadruplet of bulk spinors we may
consistently truncate down to a single spinor ζ defined on Y5 which satisfies
∇µζ = − i2Aµζ + i2
(A1µ − iA2µ) ζc − i2A3µζ + 13(X + 12X−2)γµζ
+ i
24
X−1(F1νρ − iF2νρ)(γµνρ − 4δνµγρ)ζc − i24
(
X−1F3νρ +X2Fνρ
)
(γµ
νρ − 4δνµγρ)ζ ,
0 = 3i
2
X−1∂µXγµζ + i
(
X −X−2)ζ − 1
8
X−1(F1µν − iF2µν)γµνζc
+ 1
8
(X−1F3µν − 2X2Fµν)γµνζ . (7.7)
The five-dimensional charge conjugate condition is defined by ζc ≡ C ζ∗. From this
single spinor we may define the following (local) differential forms
S ≡ ζ¯ζ , K ≡ 1
S
ζ¯γ(1)ζ ,
J 3 ≡ i
S
ζ¯γ(2)ζ, J 2 + iJ 1 ≡ 1
S
ζ¯cγ(2)ζ ,
(7.8)
8For details of the metric expansion we refer the reader to [4].
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which together constitute a twisted Sp(1) structure. Using the supersymmetry equa-
tions (7.7) we derived the following system of differential equations for these bilinear
forms9
X−2K = d log(XS) + iA , (7.9)
d(SJ I) = − iA∧ SJ I + (2X +X−2)K ∧ SJ I + ǫIJKAJ ∧ SJK
+ 1
2
X−1S (∗F I +K ∧ F I) . (7.10)
Here the Hodge dual is constructed from the volume form vol5 = −16K ∧ J I ∧ J I .
7.2 On-shell action
In [4] we showed that the on-shell action could be rewritten using the Einstein equation
as
Io-s =
1
2κ25
∫
Y5
[
8
3
(X2 + 2X−1) ∗1 + 1
3
X4F ∧ ∗F + 1
6
X−2F I ∧ ∗F I + i
4
F I ∧ F I ∧ A] .
(7.11)
However, by additionally using the scalar field equation (7.2) twice and (7.4) to rewrite
the Chern–Simons term we arrive at the following simpler expression
Io-s =
1
2κ25
∫
Y5
[
8X−1 ∗ 1− d(2X−1 ∗ dX −X4A ∧ ∗F)] . (7.12)
Now with some simple manipulation of the differential system (7.9)–(7.10) we can show
that
1
3
d(X−2J I ∧ J I) = − 8X−1 ∗ 1 , (7.13)
and immediately conclude that the on-shell action is (locally) exact;
Io-s = − 1
2κ25
∫
Y5
d
(
1
3
X−2J I ∧ J I + 2X−1 ∗ dX −X4A ∧ ∗F) . (7.14)
In addition to A being a global one-form, with F a global two-form, we assume that
X > 0 is a smooth global function on Y5. Further, note that J I ∧ J I ∝ ∗K and K is
fixed by (7.9) in terms of X , A and S. Hence K is globally defined as long as the spinor
norm S = ζ¯ζ 6= 0. We should hence more precisely define Y (0)5 ≡ Y5 \ {S = 0}, so that
9We have corrected a factor in (7.10) compared to v1 of [4].
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(S,K,J I) are well-defined on Y (0)5 and the gravity solution is smooth. In summary,
the on-shell action is globally exact and we may use Stokes’ theorem to conclude
Io-s = − 1
2κ25
∫
∂Y
(0)
5
[
1
3
X−2J I ∧ J I + 2X−1 ∗ dX −X4A∧ ∗F] . (7.15)
Here there are two types of boundary in ∂Y
(0)
5 : firstly ∂Y5
∼= M4 is the UV confor-
mal boundary, and as in the previous section there is also the boundary of a tubular
neighbourhood Tǫ around the locus where ζ = 0.
The above on-shell action must be supplemented by the standard Gibbons–Hawking–
York term at the UV boundary, IGHY as in section 3.3. In addition, the divergences
may be cancelled by adding local boundary counterterms. The divergences identified
by expanding (7.11) and IGHY are cancelled by adding
Ict =
1
κ25
∫
∂Y5
d4x
√
det h
{
3 + 1
4
R(h) + 3(X − 1)2
+ log δ
[
− 1
8
(
Rij(h)R
ij(h)− 1
3
R(h)2
)
+ 3
2
(log δ)−2(X − 1)2
+ 1
8
F2h + 116(F I)2h
]}
.
(7.16)
Here the integral is over the UV boundary ∂Y5 ∼= M4 of Y5. As the on-shell actions
given by (7.11) and (7.15) are equivalent, Ict must also cancel divergences arising from
the latter when supplemented by the common Gibbons–Hawking–York term. The total
renormalized action is then
Sren = lim
δ→0
(Io-s + IGHY + Ict) , (7.17)
where δ is a cut–off for the radial coordinate z.
In order to calculate the UV contribution to Sren of the term
1
3
X−2J I ∧ J I in Io-s
we require the Fefferman–Graham-like expansion of the spinor ζ to one more order
in z than given in [4]. Continuing the line of reasoning there (and in section 4.3) we
eventually compute10
ζ = z−1/2χ + z3/2
(
1
48
R
)
χ + z5/2
(− 1
24
dR log z + i
2
a2 +
1
2
dX2 +
1
48
dR
)
i
γiχ
+ z7/2
[
− 1
1152
R2 log2 z + 1
48
(
RX2 +
1
16
R2 − 1
4
∇2R) log z
− 1
8
(
X22 +
1
8
RX2 +
1
128
R2 − 1
96
∇2R − 1
24
RijR
ij − i
12
(da2)ijγ
ij
) ]
χ
+ z7/2
[
i
96
(DaI2)ij γij(σIǫ−1)1]+ o(z4) . (7.18)
10The z5/2 term has been corrected compared to v1 of [4].
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The last line, seemingly, cannot be written in terms of the lowest order constant spinor
χ, whose norm is one, however it will not play a part. From this expansion and the
definition of the bilinears in (7.8) we determine
J I ∧ J I∣∣
z=δ
=
[
6
δ4
− 1
2δ2
R + 1
8
(
1
3
R2 − RijRij
)− 1
24
R2 log2 δ +RX2 log δ
+ 1
128
(−384X22 + E + P) ]vol4 + o(δ1/2) . (7.19)
Here we have restricted the two-forms to the boundary at constant z = δ. On forming
the exterior product there are several simplifications, in particular the anti-symmetric
indices of da2 and DaI2 are traced over and do not contribute. This can also be shown
by expanding the equation K ∧ J I ∧ J I = vol5.
We are finally in a position to evaluate the UV contribution to the renormalized
on-shell action (7.17). We find
S
UV
ren = lim
δ→0
1
κ25
∫
∂Y5
[
log δ
(
1
32
(E + P) ∗4 1 + 124d ∗4 dR
)
− 1
48
d ∗4 d(R + 24X2)
]
.
(7.20)
At first sight the log δ term is problematic as it diverges. However, the topological
condition
∫
∂Y5
(E + P) ∗4 1 = 0 is required in order for A to be a global one-form,
or equivalently to have a non-zero partition function for the boundary TQFT [4].
Moreover, the Ricci scalar is a globally defined function on ∂Y5, and consequently for
boundaryless four-manifolds, i.e. ∂(∂Y5) = 0, the second term vanishes on using Stokes’
theorem. The same argument applies to the finite piece of SUVren as the bulk scalar X ,
and hence X2, is a global smooth function. It follows that the UV contribution to the
renormalized action is zero for smooth fillings.
As in the previous section, that now leaves us with the contribution from the small
tubular neighbourhood Tǫ:
Sren =
1
κ25
lim
ǫ→0
∫
Tǫ
[− 1
6
X−2 ∧ J I ∧ J I −X−1 ∗ dX + 1
2
X4A∧ ∗F] . (7.21)
The contributions from the second and third forms are zero for smooth solutions, again
since X > 0 is smooth, and A is assumed to be a global smooth one-form on Y5. Thus
the integrals tend to zero as the volume enclosed by Tǫ tends to zero. On the other
hand, the first term may be written as
− 1
6
X−2J I ∧ J I = X−2 ∗ K . (7.22)
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That this also contributes zero may now be argued in exactly the same way as at the
end of section 6.2, using equation (7.9).
We conclude that the renormalized action for any smooth supergravity solution is
zero. In particular, since Y5 is assumed to have boundary ∂Y5 = M4, together with
the topological constraint mentioned after equation (7.20) one necessarily has Euler
number and signature of M4 equal to zero: χ(M4) = 0 = σ(M4). Apart from this, no
other topological assumption is made aboutM4 or its filling in the above computation.
8 Discussion
In this paper we have defined and studied a holographic dual to the topological twist
of N = 4 gauge theories on Riemannian three-manifolds and verified that the renor-
malized gravitational free energy is independent of the boundary three-metric, thus
providing an additional construction of topological AdS/CFT beyond [4]. We have
also reformulated the bulk supersymmetry equations in terms of a twisted identity
structure, and used this structure to prove that the gravitational free energy of all
smooth bulk fillings, irrespective of their topology, is zero. Let us again emphasize
that the latter result does not make the former result of section 5 redundant: the com-
putation of the variation of the gravitational free energy holds for smooth solutions,
but a priori it is more general. Metric-independence will still hold for singular solu-
tions, provided the additional surface terms around the singularities are zero. In fact
if one allows singular saddle point solutions at all, this should be a clear constraint. In
addition we have revisited the AdS5/CFT4 correspondence and similarly showed that
smooth fillings there also have zero gravitational free energy. The results presented here
and in [4] raise a number of interesting questions and directions for future research.
In general the classical supergravity limit of the AdS/CFT correspondence identifies
− logZQFT = Sren . (8.1)
Here on the right hand side we have the least action solution to the given filling prob-
lem in the bulk supergravity, while the left hand side is understood to be the leading
term in the corresponding strong coupling (typically large rank N) limit of the QFT
partition function. For example, uplifting the four-dimensional N = 4 gauged super-
gravity solutions to M-theory on S7/Zk leads to the effective four-dimensional Newton
constant in (2.4), which scales as N3/2. The latter multiplies the holographically renor-
malized on-shell action Sren on the right hand side of (8.1). On the other hand, in this
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paper we have shown that this gravitational free energy is always zero, for any smooth
supergravity filling of any conformal boundary three-manifold M3. We have already
noted that every oriented three-manifold is spin, but another important topological
fact is that every such three-manifold bounds a smooth four-manifold (which may be
taken to be spin). There is thus no topological obstruction to finding such a bulk fill-
ing of M3. Of course, an important assumption here is that there exist smooth fillings
that solve the supergravity equations, with prescribed conformal boundary (M3, g).
We have recast the supergravity equations as the first order differential system (6.12)–
(6.16), and thus existence and uniqueness theorems for solutions to these equations
will play an important role. Given that such solutions are supersymmetric and are
dual to a topologically twisted theory, one naturally expects better behaviour than the
non-supersymmetric Einstein filling problem, typically studied by mathematicians. In
any case, assuming that such smooth fillings are the dominant saddle points in (8.1),
the results of this paper imply that the large N limit of the topologically twisted ABJM
partition function is o(N3/2), for any three-manifold M3. This should be contrasted
with the non-twisted partition function on (for example) S3, where both sides of (8.1)
agree and equal π
√
2k
3
N3/2 in the large N limit [52]. It thus remains an interesting
open problem to compute the large N limit of the topologically twisted ABJM theory,
on a three-manifold M3, and compare with our holographic result. Moreover, if the
leading classical saddle point indeed contributes zero, the next obvious step is to try
to compute the subleading term, as a correction to the supergravity limit. Since by
construction everything is a topological invariant, this may well be possible.
Similar remarks apply to the Donaldson–Witten twist studied holographically in [4].
Here the bulk five-dimensional N = 4+ gauged supergravity solutions uplift on S5 to
solutions of type IIB supergravity, where now the five-dimensional Newton constant is
given by 1
κ25
= N
2
4π2
.11 The resulting solutions are holographically dual to the Donaldson–
Witten twist of N = 4 SYM on the conformal boundary four-manifold M4. Similar
remarks apply to those made in the paragraph above, although there is an important
difference: the partition function is only non-zero when 2χ(M4) + 3σ(M4) = 0, and
moreoverM4 bounds a smooth five-manifold if and only if σ(M4) = 0. The fact that the
gravitational free energy is zero for smooth fillings, as shown in section 7, is therefore
only directly applicable when χ(M4) = 0 = σ(M4). In this case, the topologically
twisted partition function of N = 4 SYM should be o(N2), assuming the dominant
11One may also uplift to solutions of M-theory, which are dual to N = 2 theories of class S with
N3 scaling, but we won’t discuss this further here.
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saddle point solution is indeed smooth.
On the other hand, the Donaldson–Witten twisted partition function has been com-
puted, for general rank gauge group G = SU(N), on M4 = K3 in [53,54]. This follows
from the fact that on the hyperKa¨hler K3 manifold the Donaldson–Witten and Vafa–
Witten twists are equivalent (and in fact equivalent to the untwisted theory). However,
|σ(K3)| = 16 and a smooth filling by Y5 does not exist in this case, so there is no ob-
vious classical gravity solution to compare to. Nevertheless, the partition function is
(for N prime) [53, 54]
Z(K3) =
1
N2
G(qN) +
1
N
N∑
I=1
G
(
ωIq1/N
)
, (8.2)
where q = exp(2πiτ), with τ = θ
2π
+ 4πi
g2YM
the usual complexified gauge coupling, ω =
exp(2πi/N), and G(q) = 1/η24(τ), with η the Dedekind eta-function. Taking the ’t
Hooft coupling λ = g2YMN fixed and large, the N →∞ limit is dominated by the first
term in (8.2), resulting in the leading order behaviour
logZ(K3) ∼ 8π
2N2
λ
. (8.3)
As mentioned above, in general the classical gravitational free energy is order N2,
which for smooth fillings ofM4 we have shown is multiplied by zero for the holographic
Donaldson–Witten twist. However, there is no such smooth filling of M4 = K3, so
it is not clear what the dual classical solution should be. Perhaps one should allow
for certain singular Y5, and/or fill the boundary S
5 × K3 with a topology that is not
simply an S5 bundle over Y5. These would lie outside the class of smooth solutions
to the consistently truncated five-dimensional N = 4+ gauged supergravity we have
studied. That said, a perhaps naive interpretation of (8.3) is that the leading classical
O(N2) term is indeed zero, with the N2/λ term being a subleading string correction
to this. This particular example clearly deserves much further study.
More generally, there are a wide variety of possible topologically twisted theories in
diverse spacetime dimensions. One could ask if zero action/gravitational free energy
for smooth supergravity solutions dual to TQFTs is a general property. Perhaps this
is specific to cases in which the preserved supercharge Q in the TQFT satisfies Q2 = 0,
which is generally not the case. The apparent simplicity of our results suggests there
should be a more elegant way to set up the holographic problem. Recall that in field
theory, invariance of the TQFT partition function with respect to metric deformations
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crucially relies on the stress-energy tensor being Q-exact. We have shown the corre-
sponding result holographically, but in a less direct manner. It is natural to conjecture
that a topological sector of gauged supergravities, in this holographic setting, may be
similarly described using a boundary BRST symmetry [55–59].
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